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ABSTRACT
The presence of dust grains profoundly affects the diffusion of the magnetic field in molecular clouds.
When the electrons and ions are well coupled to the magnetic field and charged grains are only indirectly
coupled, emergent Hall diffusion may dominate over all the other non-ideal magnetohydrodynamic
(MHD) effects in a partially ionized dusty cloud. The low–frequency, long (∼ 0.01− 1 pc) wavelength
dispersive MHD waves will propagate in such a medium with the polarization of the waves determined
by the dust charge density or, the dust size distribution. In the presence of shear flows, these waves may
become Kelvin-Helmholtz (KH) unstable with the dust charge density or the grain size distribution
operating as a switch to the instability. When Hall diffusion time is long (compared to the time
over which waves are sheared), the growth rate of the instability in the presence of sub-Alfve´nic flow
increases with the charge number |Z| on the grain, while it is quenched in the presence of Alfve´nic or
super-Alfve´nic flows. However, when Hall diffusion is fast, the growth rate of the instability depends
on the dust charge only indirectly.
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1. INTRODUCTION
Molecular clouds are the sites of star formation, and
it is believed that the gravitational collapse of massive
cloud complexes spanning across light-years is responsi-
ble for the star birth. The largest structures of molecular
gas, giant molecular clouds (GMCs; M ∼ 105M⊙ , L ∼
50 pc) consist of low–density (nn ∼ 3×102 cm−3) neutral
gas, mostly a mixture of molecular hydrogen and helium
with only about 1% of mass in dust grains. As the re-
gions of modest extinction are also the regions where
most of the mass of molecular clouds in our Galaxy
is contained, the interstellar radiation field is able to
maintain sufficient ionization of the partially ionized gas
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to enable its coupling to the magnetic field (McKee
1989). The Zeeman splitting of OH lines suggests
that the presence of 10 − 30µG magnetic fields (Heiles
1987). Millimeter and far-infrared observations indicate
the presence of large–scale (0.1 − 10 pc) ordered fields
(Tamura et al. 1995). The presence of a milligauss field
over several hundred astronomical units in high–density
(nn ∼ 108−1010 cm−3) regions is inferred from the Zee-
man splitting of OH and H2O maser lines. Because
most of the molecular gas is in a photon–dominated
region (Hollenbach & Tielens 1997), depending on the
level of fractional ionization, various non-ideal magnetic
effects may counteract the gravitational condensation of
the gas inside GMC cores (nn ∼ 104 − 105 cm−3, L of a
few parsecs).
A complex network of faint, narrow, relatively diffuse
structures called striations is seen in the low column
density part of molecular clouds. Although not the site
2of star formation, these magnetic field–aligned coher-
ent structures have great importance to star formation.
Material gets added from the striations to the filament
which in turn feeds this material to the ridges where
clustered–star formation is ongoing (Andre´ et al. 2013).
Thus material may be fed to denser filaments through
striations. The typical velocities of the material flows
into or out of these filaments are ∼ 0.5− 1 kms−1.
The Taurus molecular cloud (∼ 140 pc) presents
the most striking evidence of striations as low–level
emission located away from the denser filaments
(Goldsmith et al. 2008). Striations are also promi-
nent in Herschel dust continuum maps (Palmeirim et al.
2013). Making use of observation data on starlight po-
larization (which is caused by nonspherical dust grains
that are preferentially aligned in such a way that their
long axis is perpendicular to the ambient magnetic
field), a plane-of-sky magnetic map of the northwest
part of the Taurus molecular cloud, where striations
were observed, was created by Chapman et al. (2011),
who found B ∼ 18µG (B ∼ 28µG) after applying the
Chandrasekhar-Fermi (Chandrasekhar & Fermi 1953)
method and B ∼ 35µG (B ∼ 93µG) after using the
Hilderbrand et al. (2009) method in diffuse (filament)
regions of the cloud. Note that such a grain alignment
mechanism not only rules out the possibility of grain
alignment with a longer axis parallel to the magnetic
field but contrary to the observations also assumes that
all grains are aligned or, marginally aligned to the mag-
netic field (Lazarian 2007). The radiative torque mecha-
nism, which overcomes the shortcoming of classical para-
magnetic alignment theory, has emerged as the most
viable mechanism of grain alignment (Andersson et al.
2015; Hoang & Lazarian 2016).
Dynamical processes in star forming clouds are
strongly controlled by the coupling of a largely neu-
tral medium to the magnetic field. This coupling is
facilitated by frequent collisions between the neutrals
and plasma particles. The collisional effect in molecular
clouds is manifested through various non-ideal magneto-
hydrodynamic (MHD) effects. For example, ambipolar
diffusion (applicable to the relatively low–density, high
ionization fraction regions of the cloud), which redis-
tributes magnetic flux, occurs due to a relative drift
of frozen-in ions against the sea of neutrals. When
ions are not frozen-in in the field but collide often
enough (over the ion gyration period) with the neu-
trals, causing a transverse (with respect to the ambient
magnetic field) drift between the electrons and ions,
Hall diffusion redistributes the magnetic flux. When
electrons are not frozen-in in the magnetic field but
frequently (over the electron gyration period) collide
with the neutrals, Ohm diffusion (applicable to the
high–density, low ionization fraction regions) may dis-
sipate magnetic energy in the cloud. This description
of a non–ideal MHD effect is valid only in a dust–free
environment. However, molecular clouds are generally
dusty. In fact, charged grains are more numerous than
plasma particles in dense (& 109 cm−3) cloud cores
(Nishi et al. 1991). Their presence affects not only the
ionization structure of the cloud but also its gas–phase
abundances (Hatrquist et al. 1997; Wardle & Ng 1999).
Owing to the low ionization fraction (10−4 − 10−7),
grains are either neutral or carry a ±1 − ±2 electronic
charge (Nakano & Umebayashi 1980). Further, grains
can couple directly or, indirectly to the magnetic field,
which will not only modify the ambipolar time–scale
(Ciolek & Mouschovias 1993) but may give rise to the
Hall effect (Wardle & Ng 1999).
Star formation is often accompanied by energetic out-
flows, jets, and winds. For example, molecular outflows
in regions of massive–star formation have revealed mas-
sive and energetic outflows (Churchwell 1997). Dusty
outflows are observed in some of the starburst galax-
ies (Alton et al. 1999). Most molecular clouds have su-
personic turbulence to boot (Zuckerman & Evans 1974;
Arons & Max 1975). Clearly, the presence of flows and
inhomogeneity determines ambient physical conditions
in the cloud. The interaction between jets and inter-
stellar gas may lead to the transport of momentum
and energy across the shear layer via for example, the
Kelvin-Helmholtz (KH) instability (Bodo et al. 1995;
Hardee & Stone 1997; Downes & Ray 1998; Rosen et al.
1999; Watson et al. 2004). The KH instability might as
well be responsible for the entrainment of ambient mate-
rial in massive outflows (Watson et al. 2007). The stria-
tions in the diffuse nonstar–forming regions of molecular
clouds may also be explained by invoking the KH insta-
bility (Heyer et al. 2016).
The present analysis investigates the KH instability in
a partially ionized dusty medium. On physical grounds
we anticipate that the weak magnetization of charged
dust, which may manifest as the Hall effect (Wardle
2004; Pandey & Vranjes 2006), modifies not only the on-
set condition of the KH instability but also the rate at
which fluctuations may grow in the fluid. In order to see
this, recall that the KH instability occurs at the interface
of the shearing fluids and extracts its energy from the ve-
locity difference across the layer to create rotating struc-
tures in between. This basic picture is little changed in
the ideal MHD. However, in the Hall MHD, the circu-
larly polarized magnetic fluctuations are related to the
fluid vortices (Bellan 2013). Thus depending on the po-
larization of waves, magnetic fluctuations may help or
3hinder the rolling up of the interface. As a result the on-
set condition of the KH instability will be affected by the
Hall diffusion of the magnetic field (Pandey 2018). We
shall see that even in sub–Alfve´nic flows, low–frequency
waves can destabilize the vortex sheet with the growth
rate dependent on the charge number |Z| on the dust.
The basic model is discussed in Sec. II. In section
III we shall discuss the wave properties of the dusty
medium. In section IV the KH instability is discussed.
Possible applications of the results are discussed in sec-
tion V. A brief summary is presented in section VI.
2. BASIC MODEL
We shall assume a weakly ionized medium, consisting
mainly of neutral particles with a tiny fraction of elec-
trons, ions, and charged and neutral dust grains. The
basic set of equations describing the dynamics of such a
system is as follows. The continuity equation is
∂ρj
∂t
+∇ · (ρj vj) = 0 . (1)
Here, ρj is the mass density, and vj is the velocity of
various constituents. The momentum equation for the
electrons and ions are
0 = −qj nj
(
E′ +
vj×B
c
)
− ρj νjn vj . (2)
Here qj nj (E
′ + vj×B/c) is the Lorentz force, where
E′ = E + vn×B/c is the electric field in the neutral
frame with E and B as the electric and magnetic field,
respectively, nj is the number density, qe = ∓e and c
is the speed of light. The momentum equations for the
negatively charged (subscript d) and neutral (subscript
d0) dust grains are
0 = − e nd
(
E′ +
vd×B
c
)
−ρd νdn vd−ρd ν∗di (vd − vd0) ,
(3)
0 = − ρd0 νd0n vd0 + ρd0 ν∗d0e (vd − vd0) . (4)
We see from Eq. (4) that when the neutral grain–
electron collisions are more frequent than the neutral
grain-neutral particle collisions, i.e. νd0n ≪ ν∗d0e, the
relative drift between the charged and neutral grain,
(vd − vd0) is negligible. In the opposite ν∗d0e ≪ νd0n
limit, the velocity of the neutral grains is nearly the
same as that of the neutral particles, i.e. vd0 ∼ 0
(Kamaya & Nishi 2000).
The neutral momentum equation is
ρn
dvn
dt
= −∇P +
∑
e,i,d
ρj νjn vj . (5)
The inertia and pressure gradient terms in Eqs. (2)-(4)
have been dropped because here we are considering a
weakly ionized medium.
The collision frequency is
νj n ≡ γj n ρn = < σv >j
mj +mn
ρn . (6)
Here < σv >j is the momentum transfer rate coeffi-
cient of the jth particle with the neutrals. The ion–
neutral, electron–neutral (Draine 2011), dust–neutral
(Nakano & Umebayashi 1986) and neutral-uncharged
dust (subscript d0) collision rate coefficients are
< σ v >in=2×10−9
(
mH
mr
)1/2
cm3 s−1 ,
< σ v >en=4.5×10−9 T
1
2
30
cm3 s−1 ,
< σ v >dn=2.2×10−5 T
1
2
30
a2
0.1 cm
3 s−1 ,
< σ v >nd0=3.2×10−5 T
1
2
30
a2
0.1 cm
3 s−1 . (7)
Here mH is the mass of the hydrogen atom, mr =
mimn/(mi + mn) is the reduced mass, T30 is the gas
temperature and a0.1 is the grain radius in units of 30K
and 0.1µm respectively. Note that the collision rate in-
volving dust increases with a2 reflecting the fact that the
collision cross section for large grains is geometric, i.e.
σ ∝ a2. However, for small grains, the rate coefficient is
similar to that of the ion-neutral collision rate.
Adopting mi = 30mp for the ion mass and mn =
2.33mp for the mean neutral mass, where mp = 1.67×
10−24 g , and md = 4 pi a3 g for dust material density
3 g cm−3, the collision frequencies become
νin=1.4× 10−10 nn s−1 ,
νen=4.5× 10−9 T
1
2
30
nn s
−1 ,
νdn=6.8× 10−15 nn T
1
2
30
a20.1 s
−1 ,
νd0n=9.9× 10−15 nn T
1
2
30
a20.1 s
−1 . (8)
For polycyclic aromatic hydrocarbons (PAH) grains (∼
3 × 10−4 µm ,md ∼ 3× 10−22 g), the dust-neutral colli-
sion frequency νdn ≃ 1.4× 10−9 nn s−1 is slightly higher
than the ion–neutral collision frequency. However, for
micron–sized grains, the charged grain–neutral collision
frequency is much lower than the ion–neutral collision
frequency.
The inelastic ion capture rate by the negatively
charged grains and the inelastic electron sticking to
the neutral grains are given as (Spitzer 1941a,b)
αid=pi a
2
(
8 kB T
pimi
)1/2 [
1 +
(
e2
a kBT
)]
Pi Si ,
αed0=pi a
2
(
8 kB T
pime
)1/2
Pe Se , (9)
4where
Pi=1 +
[
2
(a kB T/e2) + 2
]1/2
,
Pe=1 +
(
pi e2
2 a kBT
)1/2
, (10)
account for the electrostatic polarization of the grains
by the electric field of the approaching charged particles
(Natanson 1960; Draine & Sutin 1987; Pandey & Vladimirov
2016). For a = 0.1µm, T = 30K, the contribution of
the polarization factor to the ion–negatively charged
dust collision rate is Pi ∼ 1. For electron-neutral dust
collision, this factor is Pe ∼ 4. On the other hand, for
micron–sized grains, electron–neutral dust polarization
factor is an order of magnitude (Pe ∼ 88) larger than
the ion-dust factor. Assuming that the sticking prob-
abilities Se = Si = 1, the inelastic charged dust-ion
ν∗di = ni αid and electron–neutral dust ν
∗
ed0 = ne αed0
collision frequencies become
ν∗di=5.8× 10−5
(
Xe +
|Z|nd
nn
)
nn a
2
0.1 T
1/2
30
(
Pi
1.96
)
s−1 ,
ν∗d0e=4.2× 10−3Xe nn a20.1 T 1/230
(
Pe
3.96
)
s−1 . (11)
We use the plasma quasineutrality condition ni = ne +
|Z|nd in ν∗di. Here Xe = ne/nn is the fractional ion-
ization of the cloud. As can be seen from Eqs. (8)
and (11), the inelastic collision frequencies (ν∗di , ν
∗
d0e)
can even dominate the ion-neutral (νin) and electron-
neutral (νen) collision frequencies in the diffuse region
(Xe ∼ 10−4). It is only when Xe . 10−6, does plasma-
neutral collision dominate over the dust-plasma colli-
sion. Clearly, notwithstanding their minuscule number
densities, both plasma-neutral and dust-plasma collision
frequencies could be equally important in diffuse clouds.
A comparison between the charged dust-neutral colli-
sion frequency (νdn), Eq. (8), and the inelastic charged
dust-ion (ν∗di) and neutral dust-electron (ν
∗
d0e) collision
frequencies, Eq. (11), gives(
ν∗d0e
νdn
)
≃ 1011Xe
(
Pe
3.96
)
,
(
ν∗di
νdn
)
≃ 1010Xe
(
Pi
1.96
)
,
(12)
which suggest that for micron-sized grains inelastic
dust–plasma collision will dominate dust–neutral col-
lision not only in the diffuse (Xe ∼ 10−4) clouds but
also in dark cores (Xe & 10
−7). This is valid in the
presence of very small grains as well unless fractional
ionization plummets to below 10−8 − 10−9.
Given that(
νd0n
ν∗d0e
)
≃ 2.36× 10−12X−1e
(
Pe
3.96
)−1
, (13)
i.e. νd0n ≪ ν∗d0e for Xe . 10−12, we infer that the veloc-
ity of neutral [Eq. (4)], and charged grains is the same
in the diffuse and dark clouds. All in all, the inelas-
tic collision and the ensuing charge fluctuation could be
important to the cloud dynamics.
The presence of tiny grains may significantly reduce
the level of ionization as these grains not only carry a
small amount of charge but also provide a large surface
area for the recombination of plasma particles. There-
fore, magnetic diffusion is significantly modified in the
presence of such grains (Zhao et al. 2018). As the in-
elastic frequencies ν∗di and ν
∗
d0e are a function of Xe,
magnetization of the grain will depend on the rate at
which charge on the grain fluctuates, i.e., on the inelas-
tic momentum exchange. Thus making use of Eq. (4)
we can write Eq. (3), as
0 = − e nd
(
E′ +
vd×B
c
)
− ρd νg vd , (14)
where
νg = νdn
[
1 +
(
ν∗di
νdn
)
1
(1 + ν∗d0e/νd0n)
]
. (15)
In writing Eq. (15), we use the relation ρd ν
∗
di = ρd0 ν
∗
d0e,
i.e. the time over which a positively charged ion neu-
tralizes a negatively charged grain is the same as the
time over which a neutral grain acquires an electron.
Thus the grain charges are in equilibrium. The charge
fluctuation on the grain results in an increased coupling
between the charged dust and neutral particles as from
Eq. (13) we see that ν∗d0e/νd0n ≫ 1 and thus νg ≈ 2 νdn.
Clearly, over ν−1g , grains have an average charge number
|Z|.
In order to describe how well charged particles are cou-
pled to the magnetic field, we shall define the following
plasma Hall parameter:
βj =
ωcj
νjn
, (16)
which is the ratio of the cyclotron (ωcj = qj B/mj c) and
collision (νjn) frequencies. The non-ideal MHD effect
can be quantified in terms of various Hall parameters βj
(Pandey & Wardle 2008).
The magnetic field scales with the neutral density as
(Draine et al. 1983; Wardle & Ng 1999)
B[mG] = nα
6
, (17)
where nq = nn/10
q cm−3 and α = 0.5 when n6 6 1 and
α = 0.25 for higher densities. Similarly, the fractional
ionization scales as
Xe =
{
10
−7
√
n4
, forn4 > 1
10−4 , forn2 = 1 .
(18)
5With the above scaling, the electron and ion Hall pa-
rameters become
βe=4× 1015
(
B
nn
)
= 4×
{
109 n
−1/2
n ,
1010.5 n
−3/4
n ,
βi=2.2× 1012
(
B
nn
)
= 2.2×
{
106 n
−1/2
n ,
107.5 n
−3/4
n ,
(19)
where the upper and lower values of the Hall parameter
β correspond to α = 1/2 (n6 6 1) and α = 1/4 (n6 > 1)
in Eq. (17).
The dust Hall parameter βd requires the knowledge
of |Z| and the dust size distribution. For micron– and
submicron–sized grains, the charge number carried by a
grain is (Draine 1980; Pandey et al. 2011)
|Z| ≈ 4 a kB T
e2
, (20)
whereas for very small grains (a kB T/e
2 . 0.2) the
charge number carried by a grain is (Draine & Sutin
1987)
|Z| ≈ 1
1 + 8.6× (108 a T )−1/2
. (21)
Thus making use of Eq. (20) the dust Hall parameter
βd for the micron– and submicron–sized grains can be
written as
βd = 6.7× 107 a−40.1 T 1/230
(
B
nn
)
. (22)
Thus we get
βd =
{
67 a−4
0.1 T
1/2
30
n
−1/2
n , n6 . 1 ,
2× 103 a−4
0.1 T
1/2
30
n
−3/4
n , n6 > 1 .
(23)
Clearly, for 0.1µm grains βd & 1 in the diffuse as well
as dense regions of the cloud. However, a & 0.28µm
grains are unmagnetized (βd ≪ 1) when n6 < 1 and
magnetized in the denser region. With increasing grain
size, grains will remain unmagnetized in the diffuse as
well as in the dense region of the cloud (Wardle 2007;
Zhao et al. 2016). Thus in molecular clouds ions and
electrons are tied to magnetic fields, whereas the largest
grains are not.
Very small (few nanometers in size) grain, because of
their smaller size, they carry less charge than a large
grains; electron collide less frequently with the nega-
tively charged spheres of decreasing radii and steepen-
ing Coulomb potentials (Perez–Becker & Chiang 2011).
Clearly due to their higher Coulomb potential barrier
the average charge fluctuates around |Z| ≈ 1. There-
fore, the Hall βd for a tiny grain is similar to the ion
Hall βi as the reduced gyrofrequency due to larger mass
(compared to that of ions) is compensated by the re-
duced momentum transfer rate due to larger inertia (Bai
2011).
In order to find the charge density |Z|nd in the cloud,
Eqs. (20)–(21) need to be integrated over the grain size
distribution. In diffuse interstellar clouds, small grains
are abundant, and the MRN power–law size distribution
(Mathis et al. 1977; Nozawa & Fukugita 2013)
dnd
d a
= Ann a
−3.5 , a1 < a < a2 , (24)
with a2 ≈ 0.25µm and a1 ≈ 3 A˚, is consistent with the
observed extinction. After integrating over a between
a1 and a2, we have (Draine & Sutin 1987)
|Z|nd
nn
=


2.3× 10−13 T30
(
a1
0.1µm
)−3/2
,
3.8× 10−7
(
a1
3×10−4µm
)−5/2
.
(25)
Assuming a dust material density of 3 g cm−3 and in-
terstellar dust abundance ρd/ρn = 0.01 gives nd/nn =
0.01 (mn/md). Thus the average charge for 0.1− 10µm
grains is |Z| = 0.1 − 20 while for PAH-like grains
|Z| = .003.
Often we need to know the Havnes parameter
|Z|nd/ne and thus it is desirable to express Eq. (25)
in terms of the Havnes parameter:
( |Z|nd
ne
)
=


2.3× 10−13X−1e T30
(
a1
0.1µm
)−3/2
,
3.8× 10−7
(
a1
3×10−4µm
)−5/2
.
(26)
We shall define the mass density and bulk velocity of
the fluid as ρ ≈ ρn and v ≈ vn. The continuity equation
[summing up equation (1)] for the bulk fluid becomes
∂ρ
∂t
+∇ · (ρv) = 0 . (27)
The momentum equation can be derived by adding equa-
tions (2)-(5):
ρ
dv
dt
= −∇P + J×B
c
. (28)
In the present work we shall assume βd ≪ 1. The trans-
verse (to the magnetic field) component of the plasma
velocities in Eq. (2) can be written as
vj⊥ =
∓βj cE′B + β2j cE
′×B
B2
1 + β2j
, (29)
where the minus (plus) sign corresponds to the electrons
(ions). As βe ≫ βi ≫ 1, this implies that
ve⊥ ≃ vi⊥ ≈
cE′×B
B2
. (30)
6Thus we shall assume ve ≃ vi. The resulting current
density J = e (ni − ne) ve + |Z| e nd vd becomes
ve =
−J
|Z| e nd + vd . (31)
Note that vd⊥ ≈ −βd cE′/B, and thus with respect to
the plasma particles dust is almost immobile because
βd ≪ 1.
Taking the curl of the electron momentum equation
(2) and making use of Maxwell’s equations, the induc-
tion equation can be written as
∂B
∂t
= ∇× [(v + vB)×B] . (32)
In the above equation
vB = −ηH (∇×B)⊥
B
, (33)
is the drift velocity of the magnetic field. The Hall dif-
fusion coefficient ηH in terms of Alfve´n velocity vA and
the dust-cyclotron frequency ωcd,
v2A =
B2
4 pi ρ
, ωcd =
|Z| eB
md c
, (34)
can be written as
ηH =
(
ρ
ρd
)
v2A
ωcd
. (35)
The charged grains are responsible for the Hall term in
the induction Eq. (32). The Hall electric field is due
to the transverse drift of the plasma particles against
almost stationary dust (Pandey & Vranjes 2006). How-
ever, the transverse drift of plasma particles is mitigated
with increasing |Z|. The Hall effect introduces a scale,
LD =
(
ρ
ρd
)(
vA
ωcd
)
, (36)
in an otherwise scale–free dusty fluid. The Hall scale
can also be written as
LD = 3.5× 107
( |Z|nd
nn
)−1
n−1/2n . (37)
Here we see that LD is independent of the magnetic field
and depends only on how well the electrons are attached
to the dust grain.
The dependence of LD on fraction ionization can be
spelled out explicitly by writing it as LD = 3.5 ×
107 (|Z|nd/ne)−1 X−1e n−1/2n which after using Eq. (26)
becomes
LD
[
cm
]
=


1.5× 1020 T30 n−1/2n
(
a1
0.1µm
)3/2
,
1014 n
−1/2
n
(
a1
3×10−4µm
)5/2
.
(38)
At densities above nn & 10
10 cm−3 where most of the
negative charge resides on the grain (Nishi et al. 1991;
Wardle & Ng 1999) Hall diffusion could become impor-
tant in the presence of submicron–sized grains as LD
is ∼ 0.01 − 0.001pc. However, in the absence of very
small grains ambipolar diffusion is the dominant mag-
netic diffusion in the partially ionized cloud (Zhao et al.
2016). Although Hall is important in the presence of
very small grains (Zhao et al. 2018), as we see from
Eq. (38), the Hall effect in this case is important only
over the sub-astronomical unit scale; the smaller the
grain, the smaller the Hall scale. This is not surprising
as LD is the scale over which dust remains unmagne-
tized.
The ratio between convective and magnetic drift ve-
locities in the induction Eq. (32) gives
RD =
(
v L
ηH
)
∼
(
L
LD
)
, (39)
which is very similar to the magnetic Reynolds number.
Here L is the characteristic length of the system. Note
that RD ∝ |Z|nd/ne and thus the advection dominates
Hall when Z|nd ≫ ne.
Together with the Amperes´ law,
J =
c
4 pi
∇×B , (40)
and an isothermal equation of state P = C2s ρ, Eqs. (27),
(28) and (32) form the required set of equations.
3. WAVES IN THE MEDIUM
The waves in molecular clouds both with (Pilipp et al.
1987; Wardle & Ng 1999) and without dust (Mouschovias et al.
2011) have been investigated in the past. The presence
of Hall makes Alfve´nwaves dispersive (Pandey & Wardle
2008). As the next section on the KH instability will
require some appreciation of the wave properties in a
dusty medium, here we briefly describe low–frequency
waves with particular focus on the role of dust charge
|Z| in polarizing the waves. After linearizing equations
(27), (28), and (32) against a homogeneous background,
we have
(∂t + v · ∇) δρ+∇ · (ρ δv) = 0 , (41)
ρ (∂t + v · ∇) δv = −∇δP + δJ×B
c
, (42)
(∂t + v · ∇) δB = ∇×
[
(δv + δvB)×B
]
. (43)
Assuming δf ∼ exp (ω t+ ik · x) where ω is the angular
frequency and k is the wave vector, in the absence of
flow (v = 0) we get the following dispersion relation:
(
ω2 + ω2A cos
2 θ
)2
+
(
ω2 + ω2A cos
2 θ
ω2 + k2 c2s
)
×
ω2 ω2A sin
2 θ +
(
k2 ηH
)2
ω2 cos2 θ = 0 . (44)
72 4 5
5
10
-
i 
(a) |Z|=1
10
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Figure 1. A sketch of the wave propagation in a partially
ionized and magnetized dusty plasma is shown in the above
figures. The plots of −i ω vs. ωA show representative curves
corresponding to the Alfve´n (solid), whistler (dotted), and
dust cyclotron (dashed) waves for dust carrying a charge
number |Z| = 1 [panel (a)] and |Z| = 2 [panel (b)].
Here θ = k ·B/ (kB) and ωA = k vA. For waves prop-
agating transversely to the ambient field, i.e., θ = pi/2,
the dispersion relation (44) gives the usual magnetosonic
branch:
ω2 = −k2 (c2s + v2A) . (45)
For waves propagating along the background magnetic
field (θ = 0) the dispersion relation, Eq. (44), gives the
following roots:
ω =
(
i ωW
2
)(
1±
√
1 + 4
ω2A
ω2W
)
. (46)
where
ωW = k
2 ηH ≡ (k LD) ωA , (47)
is the whistler frequency. The positive/negative sign
inside the bracket in (46) corresponds to the left/right
circularly polarized waves.
We see from Eq. (46) that the high–frequency whistler
(ωA ≪ ω),(
ω
ωA
)
= i (k LD) ∝
( |Z|nd
nn
)−1
, (48)
and low–frequency dust cyclotron (ω ≪ ωA),(
ω
ωA
)
=
i
(k LD)
∝
( |Z|nd
nn
)
, (49)
are the normal modes in a dusty fluid. Note that the
dust cyclotron mode is independent of the wavelength
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Figure 2. Same as in Fig. (1) but for (i ω/ωA)
2 against
k LD for |Z| = 1 (a) and |Z| = 1 , 2 , 3 (b).
and has been written in the above form to highlight that
its frequency is much smaller than the Alfve´n frequency
as k LD > 1. Given that Hall diffusion operates over a
subparsec scale in the presence of not very small grains
[Eq. 38], we see from Eq. (48) that the long–wavelength
right circularly polarized whistler will be the dominant
mode in clouds bereft of small grains. In the presence of
very small grains, however, when the Hall scale is much
smaller than an astronomical unit, both the whistler and
dust cyclotron have similar frequencies.
In Fig. 1(a) we sketch the dispersion curves for the
ideal and Hall MHD when |Z| = 1. The thick solid line
in the figure corresponds to the Alfve´n normal mode ω =
i ωA. In the presence of Hall, however, the Alfve´n line
splits into whistler (dotted) and dust cyclotron (dashed)
branches. At k LD = 1 Alfve´n degeneracy is lifted. Un-
like the Hall MHD of fully or partially ionized dust–free
plasmas, where such a splitting of the Alfve´n curve is
permanent, in a partially ionized dusty fluid, owing to
its dependence on the charge number |Z| on the dust,
the branches can move with |Z|. For example, these
branches can come closer with increasing |Z|. This is
due to the shrinkage of the Hall scale LD with |Z|. As
a result of the lifting of degeneracy is delayed with in-
creasing |Z| [Fig. 1(b)].
We see from Fig. 2(a) that for |Z| = 1, when k LD < 1,
the low–frequency dust cyclotron is the dominant mode
in the system, while the high–frequency whistler is dom-
inant when k LD > 1. The Alfve´nmode corresponds to
k LD = 1 in the figure. With increasing |Z| [Fig. 2)(b)],
the difference between the low– and high–frequency
branches shrinks. This is also seen in Fig. 1(b).
84. KH INSTABILITY
The linear analysis in the previous section suggests
that the compressibility of the fluid has no bearing on
the transverse Hall modes. Thus we shall assume that
the fluid is incompressible and the surface of discontinu-
ity in an incompressible, magnetized planar flow exists
across the interface z = 0. The flow velocity vx(z) is
assumed to have the following profile:
vx(z) =
{
v if z > 0 ,
−v if z < 0 . (50)
The mass density ρ has the same value across the inter-
face. A uniform magnetic field B parallel to the x axis
is assumed.
Given that
(∂t + v ∂x) δz = δvz , (51)
the continuity of δz across the layer gives[
δvz
(ω + i k v)
]
= 0 (52)
where [f] denotes the jump in f across the surface of
discontinuity. Defining the Doppler–shifted frequency
σ = ω + i k v , (53)
Eq. (52) can be written as
σ2 δvz1 = σ1 δvz2 . (54)
From the momentum Eq. (42) we have
(
D2 − k2)
[
δvz − i v
2
A
σ B2
(k ·B) δBz
]
= 0 , (55)
whereD = d/dz. Similarly, the induction Eq. (43) gives
(
D2 − k2)
[

(
1 +
(k · vA)2
σ2
)2
− (k ·B)
2
σ2 B2
η2H
(
D2 − k2)
}
δBz
]
= 0 . (56)
Assuming the solutions of the form
δBzj , δvzj = (Aj , Cj) e
±k z + (Bj , Dj) e±qj z , (57)
with positive and negative signs for z > 0 (j = 1) and
z < 0 (j = 2), respectively, Eq. (56) becomes
( q
k
)2
= 1 +
[(σ2 + ωA2)
σ k2 ηH
]2
, (58)
where we have dropped the subscripts 1 and 2. From
Eqs. (55) and (56) we have
Cj =
(
σj
i (k ·B)
)
Aj , Dj =
(
i (k ·B) v2A
B2 σj
)
Bj . (59)
Using the above equation in Eq. (54), which is
σ2 (C1 +D1) = σ1 (C2 +D2), yields
A1 − (k ·B)
2
v2A1
B2 σ2
1
B1 = A2 − (k ·B)
2
v2A2
B2 σ2
2
B2 . (60)
The continuity of δBz i.e., [δBz] = 0, yields
A1 +B1 = A2 +B2 . (61)
The integration of Eq. (43) gives [δJz ] = 0, which yields
k (A1 +A2) + q1B1 + q2 B2 = 0 . (62)
The continuity of the pressure across the layer, [δp] = 0
yeilds
σ1
(
C1 +
q1
k
D1
)
+ σ2
(
C2 +
q2
k
D2
)
= 0 . (63)
From Eqs. (60)-(63) one arrives at the following disper-
sion relation:(
σ2
2 − σ12
)2
ω2A +
(
2ωA
2 + σ2
2 + σ1
2
) (q1
k
)
×
σ1
2
{(
σ2
2 + ωA
2
)
+
(
q2σ2
2
q1σ12
)(
σ1
2 + ωA
2
)}
= 0 .(64)
Note that the q → ∞ limit corresponds to the absence
of Hall term in the induction equation. The above ex-
pression can be simplified by noting that the magnetic
field evolves under the combined influence of the fluid
advection and Hall diffusion (v+ vB). Thus q/k can be
approximated in various limits. For example in the weak
diffusion limit, when the fluid advection dominates the
Hall diffusion, i.e, when the Hall diffusion time is long
(compared to the time over which wave is sheared by
advection), (
σ2 + ωA
2
)
& σ k2 ηH , (65)
which can also be written as(
σ
ωA
)
+
(ωA
σ
)
& k LD . (66)
This provides the lower bound on the whistler (ωA ≪ σ)
and dust cyclotron (σ ≪ ωA) frequencies. In the weak
diffusion limit we may approximate q/k as
( q
k
)
≃
(
σ2 + ωA
2
)
σ k2 ηH
. (67)
We shall assume that the shear flow profile is given by
Eq. (50), and analyze the dispersion relation, Eq. (64)
9first in the weak diffusion limit. In this limit the disper-
sion relation reduces to the following simple form:
(
ω
ωA
)6
+
(
M2A + 3
)( ω
ωA
)4
− [ (M2A + 1)2 − 4]
×
(
ω
ωA
)2
− 4 (k LD)M2A
(
ω
ωA
)
− (M2A − 1)3 = 0 ,
(68)
where the Alfve´n -Mach number MA is defined as
MA =
(
v
vA
)
. (69)
In the long–wavelength, low–frequency limit, balancing
the dominant first and last terms gives the usual KH
mode (
ω
ωA
)2
≈ (M2A − 1) . (70)
Thus in the absence of Hall only super–Alfve´nic (M2A >
1) flows cause instability. Note that the low–frequency,
long–wavelength limit is the ideal MHD limit when the
magnetic field is frozen–in in the partially ionized ideal
dusty fluid. However, if the Hall term is retained in
the dispersion relation, Eq. (68), as a small perturbative
correction, even for MA = 1, the wave becomes KH–
unstable with the growth rate
(
ω
ωA
)
≈ (k LD)1/3 ∝
( |Z|nd
nn
)−1/3
(71)
suggesting that the instability will be quenched with
increasing dust charge density |Z|nd. The inverse de-
pendence on the dust charge density is a typical fea-
ture of the dust whistler frequency (Eq. 48). There-
fore, in the presence of Alfve´nic (MA = 1) or super–
Alfve´nic (MA > 1) flows, in a weakly ionized dusty
medium which is dominated by submicron–sized grains,
the dust whistler mode becomes unstable.
We solve the dispersion relation, Eq. (68) and plot
the result in Fig. (3) for the Alfve´nic and super–
Alfve´nic flows. The growth rate of purely growing KH
mode further (with respect to the ideal MHD) increases
in the presence of charged grains. However, the growth
rate falls back to the ideal MHD level with increasing
|Z| because Hall diffusion is mitigated as ∼ 1/|Z|. For
very large |Z| Hall is completely quenched, and we are
in the ideal MHD regime (corresponding to |Z| = 100
in the figure). Further increase in |Z| has no bearing on
the growth rate.
The nature of dust whistler and that of dust cyclotron
waves are quite different. While whistler waves, like
Alfve´nwaves, are caused by a balance between the fluid
inertia and magnetic tension force, the dust cyclotron
waves, are of electrostatic origin and nature. As can be
seen from Eqs. (48) and (49), with the increase of charge
number density |Z|nd/nn on the dust, i.e., with a de-
creasing Hall scale LD, the low–frequency left circularly
polarized electrostatic wave may become the dominant
normal mode in the fluid. Given that for the KH mode
k v ∼ ω, the whistler and dust cyclotron exist in two dis-
tinct parameter windows corresponding to MA ≫ 1 and
MA ≪ 1, respectively. Therefore, the value of the charge
density |Z|nd/nn or the size distribution of grains de-
termines whether sub– or super-Alfve´nic flow will cause
the instability in a weakly ionized dusty fluid.
As the low–frequency (ω ≪ ωA) limit implies MA ≪
1, balancing the dominant Hall term with the last term
in Eq. (68) yields
ω ≈
(
ρd
ρ
)
ωcd
4M2A
∝ |Z|nd
nn
. (72)
The linear dependence on |Z|nd/nn is a typical feature
of dust cyclotron waves (Eq. 49). Clearly, the presence
of charged dust opens up a new channel through which
the sub–Alfve´nic flow energy is fed to the waves in a
partially ionized dusty fluid.
In the sub–Alfve´nic case [Fig. (4)], the instability,
much like in the dustless case (Pandey 2018) is en-
tirely due to the Hall effect, although a purely growing
mode (top panel) appears beyond a certain k LD cut-
off. Note that with decreasing |Z|, increasingly shorter
wavelength fluctuations are KH–unstable. Further the
growth rate of the KH waves also decreases with decreas-
ing |Z|. The linear dependence of fluctuation wavelength
on |Z| is a typical feature of low–frequency KH instabil-
ity (Eq. 72). As expected, we see in the top panel that
the growth rate increases with increasing |Z|.
We also note the presence of a less rapidly growing
overstable mode (lower left panel) in Fig. (4) with the
growth rate about one–third of the purely growing (top
panel) KH mode. The presence of this mode is generic
to the Hall MHD flows (Pandey 2018). The overstable
mode manifests a dependence on |Z| similar to that of
its purely growing counterpart. The ratio of real and
imaginary frequencies is shown in the right lower panel
of Fig. (4). Notice that with increasing k LD (i.e. with
decreasing wavelength) the real part of the frequency
increases. This implies that the Hall diffusion channels
the shear flow energy more efficiently at shorter (with
respect to the Hall scale) wavelengths than at longer
(ideal MHD) wavelengths.
In the highly diffusive limit, long–wavelength k LD ≪
1 waves are excluded (Pandey 2018). The growth rate
of the KH instability for various Alfve´nMach numbers
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Figure 3. The growth rate (in the units of Alfve´n frequency)
against k LD for Alfve´nMach numbers MA = 2 and 1 is
shown in the above figure for varying |Z|, whose values are
indicated near the curves.
in the highly diffusive limit is
(
ω
ωA
)
≈


√
MA ifMA ≪ 1 ,
1 ifMA = 1 ,
M
3/2
A ifMA ≫ 1 .
(73)
Thus the growth rate of the KH instability is similar to
that in the dustless case (Pandey 2018) except now, the
limit k LD ≫ 1 depends on the charge number |Z| on
the dust. We may also rewrite the above expressions as
(
ω
ωcd
)
≈


√
MA k LD ifMA ≪ 1 ,
k LD ifMA = 1 ,
M
3/2
A k LD ifMA ≫ 1 ,
(74)
from where we see that the growth rate is much higher
than the dust cyclotron frequency, ωcd. Recall that in
0.1 0.5 1k LD
0
1
1.5
/
A
MA=0.5
123
0 0.2 0.4k LD
0
0.2
0.4
/
A
0 0.2 0.4k LD
0
5
10
r/
i
Figure 4. The ratio of the real and imaginary parts of the
frequencies, ωr/ωi against k LD is shown for the overstable
modes of Fig. (3). The labels by the curves are for the various
|Z| values.
the k  LD ≫ 1 limit, the dust whistler, Eq. (48), is the
dominant normal mode in the fluid. Therefore, in the
highly diffusive limit, the shear flow destabilizes right
circularly polarized whistler waves.
5. DISCUSSION
Although only 1% of mass in molecular clouds is
in dust, its presence has a profound effect on mag-
netic diffusion. The Hall effect may appear due to the
relative drift between the magnetized plasma particles
and unmagnetized charged dust. In diffuse clouds the
plasma number density dominates the negative–charge
number density, whereas in dense clouds (& 1010 cm−3)
most of the negative charge can be soaked by the dust
(Wardle & Ng 1999). Thus, the presence of grains and
the ensuing Hall diffusion will have profound implica-
tions in the Complex–structure formation in both dif-
fuse and dense cloud cores. This may happen via an
interplay between the fluid flow and Hall diffusion of
the magnetic field. It appears that even when Hall is
the dominant (compared to ambipolar) diffusion mech-
anism, it may not be dynamically important to regulate
the angular momentum transport and ensuing disk for-
mation in collapsing clouds (Zhao et al. 2018). However,
explosive growth of the KH instability in the presence
of Hall diffusion may cause the formation of filamentary
structures in such clouds.
The width of observed molecular spectral lines is
attributed to the presence of large-scale supersonic
motions in molecular clouds. These supersonic flows
have been attributed to the MHD flows (Arons & Max
1975; Mouschovias & Psaltis 1995). As circularly po-
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larized waves are the most slowly decaying waves
(Zweibel & Josafatsson 1983), it is plausible that these
waves are responsible for the observed line broaden-
ing. By equating the velocity dispersion measured for
molecular lines (0.3− 5.0) kms−1 to the group velocity,
one can calculate the wavelength of waves for various
regions of the cloud.
The group velocity of the wave, Eq. (46) is
(
vR
vL
)
= k ηH
[1 +
[
2
6
]
1
k2 L2
D
+
√
1 + 4
k2 L2
D√
1 + 4
k2 L2
D
]
. (75)
where the subscript L and R denote the left and right
polarization. The group velocity of right and left cir-
cularly polarized waves differ, albeit by a small num-
ber. For definiteness, we choose the group velocity of
the right polarized dust whistler waves in the Eq. (75).
Solving for the wavelength λ = 2 pi/k, we get the follow-
ing cubic equation:(
vR
2
vA2
− 1
) (
λ
LD
)3
− 4 pi
(
vR
vA
)(
λ
LD
)2
+pi2
(
vR
2
vA2
)(
λ
LD
)
− 4 pi3
(
vR
vA
)
= 0 . (76)
Making use of the scaling relation, Eq. (17), one gets
0.01mG for n2 = 1, which is similar to the one inferred
from the starlight polarization data (Chapman et al.
2011). For such a field, assuming |Z| = 0.1 and
|Z| = 0.001 for 0.1µm and .0001µm, respectively, the
dust cyclotron frequency becomes
ωcd =
{
1.3× 10−12B−5 T30 a−3−1 s−1 ,
4.72× 10−6B−5 T30 a−3.0003 s−1 ,
(77)
where we use md = 4 pi a
3 for a 3 g cm−3 mean dust
material density. For the number densities of diffuse
regions and filaments (Chapman et al. 2011) we get
LD . 0.01− 1 pc from Eq. (38). Given that λ/LD . 1,
according to the leading order from Eq. (76) we get
λ . 0.01 − 1 pc. In the presence of very small grains,
however, the Hall scale is LD ∼ .001 au and λ . .001 au.
The observations of dense molecular cloud cores sug-
gest the presence of a larger grain size distribution
(Cardelli et al. 1989; Vrba et al. 1993). Therefore, it
is quite likely that subparsec and parsec–scale polar-
ized whistler waves propagate in dense cloud cores and
clumps.
As clouds are weakly ionized, ambipolar diffusion may
affect wave propagation in the medium. The very sur-
vival of the parsec–scale waves requires that the fre-
quency of these waves exceed the neutral–ion collision
frequency (Kulsrud & Pearce 1969; Pandey & Wardle
2008; Mouschovias et al. 2011), or the fluctuation wave-
length
λ . 2 pi vA/νni ∼ .01X−1e−4 n−14 pc . (78)
Here we use the values of νin from Eq. (8) and frac-
tional ionization from Eq. (18) after noting that νni ≈
Xe νin. Therefore, polarized waves of subparsec or
shorter wavelength may propagate in molecular clouds
(nn ∼ 102 − 103 cm−3), clumps (nn ∼ 103 − 104 cm−3)
or cores (nn ∼ 104−105 cm−3; Bergin & Tafalla (2007))
without significant damping. In denser cores (nn >
106 cm−3) however, ambipolar diffusion will cause sig-
nificant damping of large wavelength fluctuations.
The presence of such large–scale fluctuations may help
the clumping of the medium and assist in redistributing
the magnetic flux. From the induction Eq. (32), we see
that the magneto-vorticity flux,
d
d t
∫ [( B
B0
)
+
(
ρ
ρd
) ∇×v
ωcd
]
· dS = 0 , (79)
is frozen inside a closed surface S. Here B0 is some
fixed reference value of the magnetic field. Note that
depending on the ambient density, the magnetic field
and vorticity can be correlated or anticorrelated. From
Eq. (79) ∇×v . v/LD and thus for B/B0 ∼ 1 we get
v . vA. Clearly, the ambient magnetic field in the cloud
may induce large–scale radial flow . km s−1 which may
be responsible for the KH instability.
The magnetically subcritical elongated structures
called striations are an ideal probe with which to inves-
tigate the early stages of star formation. The presence
of a magnetic field may not only facilitate the for-
mation of dense filamentary structures along the field
lines but may also act as a guiding channel for sub-
Alfve´nic flows (Li et al. 2013). Magnetically aligned ve-
locity anisotropy appears in sub-Alfve´nic flows in MHD
simulations when local thermal pressure is smaller than
the magnetic pressure (Heyer et al. 2008). Therefore,
it has been proposed that the striations are a result of
either the KH instability or the magnetosonic waves.
If the KH instability is behind the observed diffuse
structures, then the maximum growth rate of the KH
instability for sub-Alfve´nic flow can be estimated from(
ωm
ωcd
)
= −
(
M2A − 1
)2 [− (M2A + 3)+ 4 (M2A − 1)2 ]
16M2A
,
(80)
which except for the corrected sign before
(
M2A + 3
)
, is
the same as Eq. (40) of Pandey (2018) if we replace
their ωH with ωcd. For MA = 0.5 (Heyer & Brunt
2012), the maximum growth rate of the instability be-
comes 0.14ωcd which gives tKHI = 1Myr when the dust
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size distribution is dominated by 0.1µm grains. This
is much shorter than the cloud lifetime, which is sev-
eral megayears (Kamaya 1996). For very small, PAH
grains tKHI = 3yr. Clearly, in the presence of very
small grains the KH instability grows almost instan-
taneously. As the wavelength of this very fast grow-
ing KH mode is 10−3AU it would appear that the
small grains are dynamically unimportant to the large–
scale structure formation. However, dust in molecular
clouds interacts with gas, metals, and dust particles. In
dense clouds, dust grains grow their size by accretion
onto grain mantles and coagulation. Owing to the high
surfaceto–volume ratios, accretion has a predominant
influence on the small (a < 0.03µm) grains (Hirashita
2015). The accretion hardly affects the grain size dis-
tribution when a > 0.03µm. Coagulation, i.e. grain-
grain sticking (due to collision), on the other hand, con-
verts small grains into large grains (Chokshi et al. 1993;
Dominik & Tielens 1997).
The typical accretion time is (Hirashita & Voshchinnikov
2014)
τacc ≃ 108 a0.1 n−13 T−1/230
(
Z
Z⊙
)−1(
Sacc
0.3
)−1
yr ,
(81)
where Z is the metallicity and Sacc is the sticking prob-
ability for accretion. The coagulation time depends
on the dust velocity dispersion v and is (Aoyama et al.
2017)
τcoag ≃ 108 a0.1 n−13 v−1.01
(
ρd/ρn
.01
)−1
yr . (82)
Here we assume that the dust material density is
3 g cm−3 and v = 0.01 kms−1. Therefore, both grain
accretion and grain coagulation operates over similar
timescales. Thus in the presence of 0.1µm grains the
tKHI = 1Myr is much shorter than both the accretion
and coagulation time scales. Note that large grains
are destroyed due to grain-grain collision (Yan et al.
2004) and shock waves (McKee 1989a). However, these
processes are slow: the collisional destruction time is
54Myr (Aoyama et al. 2017), whereas the destruction
time with shock waves is 4 × 102Myr (McKee 1989a).
Therefore, the destruction of grains will have no bearing
on the KH instability in cloud cores dominated by large
grains.
In dense clouds (n6 & 1) as τacc ∼ τcoag ≪ tKHI,
small grains are dynamically processed into large grains
long before the onset of the KH instability. There-
fore, accretion and coagulation are important in dense
clouds, whereas these processes operate over a much
longer (than the KH) timescale in diffuse clouds and
filaments. The wavenumber corresponding to the maxi-
mum growth rate is
km LD =
(
M2A − 1
)3 [− (M2A + 3)+ 4 (M2A − 1)2 ]
128M4A
.
(83)
Thus the wavelength corresponding to the maximum
growth rate is λm ∼ 7.5LD which for submicron–sized
grains [Eq. 38], is & 0.1pc in dense cloud cores. The
projected wavelength of the most common striations in
the envelop of the Taurus molecular cloud is 0.23 pc
(Heyer et al. 2016). Therefore, it is plausible that the
KH instability has some role in forming striations. How-
ever, given the uncertainty of the physical parameters
and the limitations of the linear model, the role of the
KH instability in structure formation is only suggestive
and needs further investigation.
6. SUMMARY
The KH instability in a partially ionized and magne-
tized dusty fluid, depending on the dust charge density
or the dust size distribution, can be analytically studied
in the weakly and highly diffusive limits. In the weak
diffusion limit, i.e. when the Hall diffusion time is com-
parable to or longer than the time over which the wave
is sheared, the growth rate of the instability in the pres-
ence of sub-Alfve´nic flow increases with |Z| on the grain,
while it is quenched in the presence of Alfve´nic or super-
Alfve´nic flow. On the other hand, in the highly diffusive
limit, the growth rate of the instability only indirectly
depends on the dust charge. The instability in this case
grows linearly with the Alfve´n frequency; the slope of
the curve is determined by MαA where α = 0.5 , 0 , 1.5
for the sub–Alfve´nic , Alfve´nic and super–Alfve´nic flows,
respectively.
To summarize, (1) In the absence of small grains, Hall
diffusion operates over subparsec and parsec scales in
dense and diffuse clouds, respectively.
(2) The polarization of waves in a partially ionized dusty
medium depends on the dust charge density or the grain
size distribution. In clouds bereft of small grains, right
circularly polarized whistler is the dominant normal
mode, whereas in the presence of very small grains both
whistler and dust cyclotron have similar frequencies.
(3) In the presence of shear flows, these waves may be-
come KH–unstable with the charge number on the grain
or the grain size distribution operating as a switch to the
instability.
(4) When Hall diffusion is weak, i.e. diffusion time is
comparable to or longer than the advection time, the
growth rate of the KH instability may increase or de-
crease depending on the charge number on the grain.
In super–Alfve´nic flows the instability grows at a faster
13
rate than without Hall.
(5) In this weak diffusion limit, a new overstable mode
whose growth rate is lower than that of the purely grow-
ing KH mode appears in the dusty fluid.
(6) If the Hall diffusion time is shorter than the ad-
vection time, the shear flow destabilizes the right cir-
cularly polarized whistler waves with the growth rate
much higher than the dust cyclotron frequency.
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